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In this paper we estimate the intensity function of a Cox process modelling the point
pattern representing the spatial distribution of polluting facilities in Europe. The
intensity of a Cox process is variable, depending on the location, therefore we can work
with inhomogeneous spatial point patterns. We obtain a non-parametric spatial
distribution function which allow us to know the agglomeration of polluting facilities in
a chosen number of European sub-regions.
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1. Introduction
Spatial agglomeration or clustering is one of the key stylized facts of the geographical
location of individual firms and industries. Consequently, the spatial distribution of
economic activity is basically inhomogeneous, and the spatial inequalities become de
norm more than the exception at many economic relevant levels. The topics of
economic activity location and spatial concentration of firms have attracted the attention
of economists for long time ago. Thus, from the pioneering works of Von Thünen
(1826), Marshall, (1890), Weber (1909), Lösch, (1940), Hoover (1948), among others,
to more recent contributions of the "new economic geography" (for a survey of this
literature see Duranton, (1997), Ottaviano and Puga, (1998), Fujita, Krugman and
Venables, (1999), Neary, (2001), and Jovanovic, (2007)), the interest of economists has
been to characterize the patterns of geographic concentration of firms and industries,
and analyze the forces that can allow to explain these inequalities across space.
However, in contrast to the recent advances in our understanding of economic forces
that can allow to explain spatial disparities, the advances in the empirical
characterization of the spatial patterns of economic activity have been comparatively
small, and a lot of work must be done to provide both accurate feedbacks to theory, and
strong stylized facts in this field.
The work on the characterization of the spatial distribution of economic activity has
focused mainly on the calculation of indices, more or less complex, and more recently,
estimating homogeneous spatial distribution functions (Sweeney and Feser (1998),
Marcon and Puech (2003), Duranton and Overman (2005)). These new tools use
distance based methods (see Figure 1), avoiding one of the more annoying problems of
traditional indices, the modifiable areal unit problem (MAUP), that is, their dependence
of the particular administrative scale chosen. Nevertheless, these methods faces at least
one important shortcoming: they supposes homogeneous spatial processes1, becoming
inappropriate to analyze non-homogeneous point sets. In this paper we take a step more
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These authors used as method of analysis the K-function (Ripley, 1977), that means that the measures
only yield valid results when they are used to asses spatial patterns where there is no large scale variation
in the mean of the process (homogeneous point process).

forward, and propose a distance-based method2, but able to detect spatial structure of
inhomogeneous process, the estimation of an intensity function of a Cox process.
Finally, we illustrate the use of this tool with an application to an interesting database:
polluting facilities3 and their spatial location within the European Union.

Figure 1: The cluster level of a certain points set can depend on the regional borders
The rest of de paper is organized as follows. Section 2 shows the statistical framework,
section 3 outlines the methodology used for the intensity function estimation, in section
4 we develop a practical application analyzing the spatial distribution of the polluting
industrial activities in Europe, and finally, in the section 5 some final considerations are
made.

2. Statistical framework
Definition 1. A point process is a stochastic model governing the locations of
events si  in some set X, a bounded region in Rd, Cressie (1993). A spatial point
pattern is a partial realisation of a stochastic point process (Cox and Isham (1980)).
Such a realization may be visualized very easily as a cloud of points in a bounded
region.
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This method is also used by Quah and Simpson (2003).
Data obtained from the European Pollutant Emission Register (EPER).

Definition 2. A homogeneous Poisson process with intensity  is defined by:
1.

The number of events s1 , s 2 ,..., s n in any bounded region A  X follows a

Poisson distribution with mean ¸  A
(being A = surface of A)
2.

The n events are uniform and independently distributed in A.

In accordance with condition (2.1), the intensity  is constant. The condition (2.2)
avoids the existence of interactions among the events. In economics the presence of
agglomeration phenomena is usual, and this kind of phenomena cannot be treated with
homogeneous processes, we must work with inhomogeneous point processes. Any
inhomogeneous process defines a variation of the inhomogeneous Poisson process in
the following way.
Definition 3. Let  s  : X  R be a non-constant function on X. The set of events

s1 , s 2 ,..., s n in X is an inhomogeneous Poisson process if:
1. For each bounded region A  X the number of events N(A) = n follows a

Poisson distribution with mean

  s ds .
A

2. Given n events in A, the localizations s1 , s 2 ,..., s n in X form a random and

independent sample of this distribution on A with a density that depends on the intensity
function  s  , s  A , and whose values depend on the different localizations.
In some applications it is useful to allow that the intensity function  s  of a
Poisson process can vary in space, to transform itself into a stochastic process s  .
Definition 4.
1.

Let s  , s  X denote a non-negative stochastic process on X.

2.

A realization of s  will be a Cox process driven by  if this realization

is an inhomogeneous Poisson process with intensity function   
The result of the realization inherits the properties of the process s  in a natural
way.

3. Estimation of the intensity function
In this paper we use the estimation method proposed by Berman and Diggle (1989). Our
aim is to estimate the inhomogeneous version of the intensity function  and  s 
respectively, starting from a data set, s i  A : i 1,2,..., n being A a planar region.
We can estimate  by the usual estimator
~

  n/ A
since  is defined as the expected number of events by area unit.
The usual estimator for  s  is

 s, h   h 2  N h 2  ,
~

1

the observed number of events by area unit in a disk with radius h, centred in a
point s i  s .
Using kernel method for smoothing point process data,

 s; h   h  2  f h 1 s  si 
n

~

i 1

where s  s i  denotes distance among points, and
f u   

1

: u 1

0: u 1

The border effects are kept in mind modifying the denominator and obtaining

 s; h   N h 2  As; h 
~

where As; h  is the area of the intersection among the observed region A and
the disk with radius h centred in s.
The final form of the estimator is:

 s; h   h  2  f h 1 s  si  As; h 
~

n

i 1

The method chooses the smoothing parameter h to be that value minimizing the
2
~
mean square error, for MSE h   E h  x     x  .





4. Application
4.1. Data

We use geographical coordinates (longitude and latitude) representing the localization
of all the pollutant industrial firms included in the European Pollutant Emission
Register (EPER), transformed in UTM coordinates using the procedure shown in
Morton (2003).
The left hand side of Figure 2 shows the point pattern which represents the location of
the EU4 pollutant firms. A simple visual inspection of this graph makes us think that we
are faced with a point pattern which is a realization of an inhomogeneous spatial point
process. Next, we have estimated the inhomogeneous intensity function of this point
pattern using the method of Berman and Diggle, by means of the free software R and
CRAN (2004),this software allows us to calculate the equation (2) for a certain number
of sub-regions inside the study region. In all the cases, the study region was divided in
400 equal square sub-regions, with a side of 160 km of longitude, and the calculation of
the intensity has been performed taking an interaction distance of h = 0.01 (32 km),
since this was the value that minimized the mean square error. That is to say, we
considered the distance between any pollutant facility and all those located in their
surroundings in a radius of 32 km.
4.2. Results

The main results are shown graphically. The surface variations on the right hand side of
Figure 2 represent the values of the 400 estimated local intensities, whose magnitude5
are shown in the chart of the Figure 3. Each one of these 400 sub-regions is identified
by their UTM coordinates, therefore, for each sub-region we know both, the location
and the intensity in pollutants industrial facilities. In this paper we take a further step
more and present the Cox process as a useful instrument to measure the cluster or
concentration of inhomogeneous point processes. Since the results obtained with the
4

The old European Union of 15 countries, plus Hungary and Norway.
This magnitude is function of both, the number of pollutant facilities inside the sub-region, and the
number of pollutant facilities located around this sub-region in a distance equal or smaller than 32
kilometres.
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method of Berman and Diggle are sensitive both to the number of points and to the
distance among them, to make comparable the estimates obtained on points patterns
with different number of points, we act in the following way: for each different number
of points, and through Monte Carlo simulations, we obtain enough random points
patterns to build confidence intervals with the values obtained when fitting the intensity
of a Cox process; using the measures of intensity that surpass those of the confidence
interval, we can make comparisons of concentration measures among different point
patterns.

Figure 2: Spatial location and intensity of pollutant facilities in UE
Acting this way with the point pattern which represent the spatial location of pollutant
facilities in EU we obtain the graph of the Figure 4. In Figure 4, the axis of ordinates
measures the fitted values of local intensity, and we use these values as measures of
pollutant industrial facilities concentration in EU regions; in this Figure the confidence
interval (95% of confidence) is represented by the distance among the two parallel lines
in the low side of the graph ranging from 0 to 17.256,00. These values above the
confidence limit indicate cluster, and the more far away they are from the interval, the
larger is the cluster. The axis of abscissas represents each one of the 400 sub-regions in
which we have divided the European Union. Figure 4 indicates that exists a strong
spatial concentration of pollutant industrial facilities in the studied European regions,

mainly in the northeast of Spain (north of Catalonia), around the territory among
Belgium, Luxembourg and Germany, in the southeast of England, in the area between
France and Belgium, and in the centre of Germany.

5. Final considerations
In this work, we have presented an appropriate new method to analyze the
inhomogeneous distribution of the polluting facilities in Europe. This method consists
in estimating the intensity function of a Cox process, which allows us to obtain a
measure of the polluting facilities concentration in any number of sub-regions (we have
chosen 400 sub-regions) of same size inside the European Union, for any chosen (we
have chosen 32 kilometres) distance. Since spatial agglomeration is one of the key
stylized facts of geographical location of economic activity, the inhomogeneous spatial
point processes are the more appropriate to represent the location of economic variables,
of there the interest of the Cox Processes.
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