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Abstract 

This article presents and discusses Yu’s (2010) Geographically Weighted Panel Regression 
(GWPR), which fills the gap between the literatures of cross-sectional GWR and panel data. The 
main originality of GWPR is that it allows studying potential spatial heterogeneity in models con-
trolling for individual heterogeneity. Contrary to other GWR extensions, the information of the 
whole sample period is equally considered to obtain local panel estimates using weighted data for 
subsamples of the nearest locations. For the European regions, GWPR is illustrated with an explor-
atory analysis of local production functions with individual fixed effects. 
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1. Introduction 

This paper discusses Yu’s (2010) method of addressing spatial heterogeneity in panel data mod-
els and presents a case study.  

The method is an extension of Geographically Weighed Regression (GWR). This is the most 
frequently used approach to study spatial nonstationary relationships due to intrinsically different 
relationships across space or due to misspecification of a global model. The GWR model is an ex-
tension of Casetti’s (1972) work and was later pioneered by Brunsdon, Fotheringham & Charlton 
(1996) and McMillen (1996). GWR has become very popular in cross-sectional empirical studies, 
particularly after the publication by Fotheringham et al. (2002). The method is defined as a repeat-
ed estimation of a local regression at each point in space with a subsample of cross-sectional data 
properly weighted according to their proximity to each regression point. The approach presented 
here expands GWR to consider data pooled over several periods, providing a crucial difference 
with the previous literature when the model includes unobserved individual effects.  

Although the GW approach has been applied in numerous studies, the literature has exposed a 
number of potential problems, such as the increased local multicollinearity (Wheeler and Tie-
felsdorf 2005), correlation among local coefficients (Páez et al. 2011), among others (Griffith 2008; 
LeSage 2004). Some of these problems have been addressed in the GW literature by Wheeler 
(2010), Wheeler & Páez (2010), Harris et al. (2011), Brunsdon et al. (2012) or Mur & Páez (2012). 
The wide application of the GW approach, however, suggests that the benefits of GWR should not 
be ignored, as put forth by Zhang et al. (2005), Cheng & Fotheringham  (2013), Yun et al. (2013) 
or Murakami & Tsutsumi (2013). In the regional studies community, it is considered a useful tool 
for analysis and policy making (Ali et al. 2007; McMillen and Redfearn 2010). 

Panel data models control for heterogeneity at the individual level. The resulting estimates are 
not comparable with those obtained from cross-sectional data in levels. Given the frequent use of 
panel data models in the literature, a GW approach to these models provides a method to explore 
the spatial heterogeneity of those estimates.  

There have been only three basic references paying attention to the use of a GW approach when 
the data is pooled over several periods, which were presented out of the main econometric circles. 
Yu (2010) proposed the Geographically Weighted Panel Regression (GWPR), which applied 
standard panel data techniques to locally weighted subsets of the data, based on the spatial dimen-
sion. Yu’s (2010) GWPR method was empirically applied by Cai, Yu & Oppenheimer (2012) too. 
The second main reference is the work of Lin (2011) who derived maximum likelihood estimators 
of spatial panel data GWR models (SPDGWR). The third one is the article by Tabak et al. (2013), 
which utilized an approach similar to that of Yu (2010), though in the context of a stochastic fron-
tier analysis.  

This paper follows Yu’s GWPR method of subsetting the data for each geographic observation 
before estimating with panel data methods. Using European regional data, the technique is illustrat-
ed with a GWPR exploratory analysis of a production function including unobserved individual 
fixed effects.  

The paper is organized in the following way. Section 2 presents a brief summary of the literature 
related to heterogeneity, with special emphasis on the role of time when studying spatial heteroge-
neity. Section 3 outlines the GWPR, section 4 presents the benchmark global panel data model, and 
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section 5 illustrates the GWPR estimation of the global panel data model. The final section con-
cludes the paper. It is then followed by an Appendix describing the sample and data.  

2. Heterogeneity, space, and time 

It is helpful to present the specific contribution of GWPR in the context of other methods used to 
address heterogeneity in econometric models. Spatial heterogeneity is a model’s structural instabil-
ity in the form of non-constant error variances (heteroskedasticity) or model coefficients (variable 
coefficients, spatial regimes). Heterogeneity often occurs jointly with spatial autocorrelation. If 
they do not however, occur mutually, spatial autocorrelation and spatial heterogeneity have been 
found to be observationally equivalent (Anselin 1999; Fotheringham et al. 1998), though this issue 
is a current line of research and discussion (Chasco et al. 2013; Mur et al. 2008, 2009). 

The GW approach to spatial heterogeneity measures the systematic variation of individual coef-
ficients across space (Fotheringham et al. 2002). This technique was developed for cross-sectional 
data, however, the analysis of spatial heterogeneity gets even more complex when the time dimen-
sion is considered. Griffith (2010) reviews some techniques to model spatiotemporal relationships, 
such as the Space-Time Autoregressive model (Pace et al. 2000). For example, Le Gallo (2004) 
makes a space-time analysis of the European regions using a Markov chain approach. In the con-
text of growth regressions, Le Gallo & Dall’erba (2006) adopted the point of view of spatial re-
gimes with spatial dependence and  accounted for the temporal interdependence by utilizing the 
Seemingly Unrelated Regressions (SUR) model.  

Another approach to regime-switching in time or space is the Smooth Transition Autoregressive 
(STAR) model. The spatial STAR model captures spatial heterogeneity through a well-defined 
spatial transition process while the GWR model does not have a specific distributional form of het-
erogeneity or spatial transition (Yun et al. 2013). This property might make GWR more suitable for 
exploratory analysis and forecasting than for inference, though this is a controversial issue. 
Wheeler & Páez (2010) argue that GWR is in essence an ensemble of local geographical regres-
sions where the dependence between regression coefficients at different data locations is not speci-
fied in the model. They consider that this results in a fixed effects model with no pooling in esti-
mates. GWPR adds the time dimension providing the ‘pooling’. The time dimension is incorpo-
rated when GWPR is utilized because it accounts for spatial variability when the data is pooled 
over multiple periods.  

The possible different weighting functions to be used in GW estimation are determined by the 
concept of spatial closeness selected by the researcher. A recent extension of the concept of ‘close-
ness’ in GWR considered that data points close in both space and time dimensions have a greater 
influence in the estimations of local parameters for an observation. The construction of an spatio-
temporal bandwidth was initially suggested by Crespo et al. (2007).  Huang et al. (2010) and Yu 
(2013) proposed the ‘Geographically and Temporally Weighted Regression’ (GTWR) model, with 
two different ways of measuring ‘closeness’ when considering the different scales of the spatial and 
temporal dimensions. Wu et al. (2013) and Wrenn & Sam (2014) suggested two other methods to 
calculate distance in different dimensions and extended GTWR to the logit model2.  

GTWR is a flexible approach to the study of heterogeneity in space and time, however, GTWR 
involves several difficulties. First, the researcher has to decide a method to build the spatio-

                                                      
2 Additionally, Jiang et al. (2013) combine GTWR with the local linear fitting method while Tamesue & 

Tsutsumi (2013) propose a variant of GTWR to model origin-destination flows. 
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temporal kernel. In order to deal with the different scales of the spatial and time dimensions, there 
are multiple methods for nonlinear dimensionality reduction, with Demšar et al. (2008), for in-
stance, using one of these methods. Huang et al. (2010) used a simple and convenient ‘kernel trick’ 
but the machine learning literature has shown other alternatives (Wang et al. 2012). Under Huang 
et al.’s (2010) approach, the parameter that weights the spatial and time kernels has to be found, 
and Wu et al. (2013) searched for that parameter in a different way from Huang et al. (2010). Al-
ternatively, Wrenn & Sam (2014) used the Mahalanobis distance to calculate the distance from 
each observation in space and time. Therefore, the flexibility of GTWR is an advantage, however, 
the high number of possible modeling approaches increases complexity and reduces comparability.  

A second issue to consider about GTWR is the type of problem being analyzed. For instance, in 
the studies of Crespo et al. (2007) or Huang et al. (2010) the locations are not always the same for 
each period, in contrast with other types of data, such as the macroeconomic data. This difference 
has implications for the concept of heterogeneity being studied. Additionally, the temporal kernel 
used by Huang et al. (2010) incorporated the distance in time between data for two locations. 
Huang et al. (2010) used the expression “temporal heterogeneity” but this is a specific approach to 
heterogeneity. Panel data models with time effects consider the temporal heterogeneity in a distinc-
tive way, through different intercepts for each period. The time dimension has a different role in the 
hazard model studied by Wrenn & Sam (2014). Alternatively, Yu’s (2013) approach to GWTR 
emphasized the role of past observations in a way that moves closer to a GW dynamic regression. 
Finally, a third issue about GTWR is optimization with respect to time and space, which is compu-
tationally demanding. This might be the reason why GTWR analyses tend to use short panels. 

GTWR is a direct extension of the cross-sectional GWR, especially the weighting function is 
almost identical except for GTWR using a three-dimensional kernel than a two-dimensional one in 
GWR. The methodology proposed here is distinctive because it obtains local estimates with econ-
ometric techniques that are by their very nature based on repeated data points for every spatial ob-
servation. GWPR applies a spatial kernel when estimating average relations along time (pooled 
data). This is a simple direct approach to study spatial nonstationarity in panel data models. GWPR 
differs from GTWR in that once a bandwidth is chosen, all the time observations of each sub-
sampled location have to receive the same weight in order to locally reproduce what a global model 
produces when pooling data for different periods. 

Panel data models consider individual heterogeneity in particular ways. In the case of a fixed ef-
fects model a different intercept is estimated for each cross-sectional observation. Elhorst (2013) 
uses the expression ‘spatial fixed effects’ to describe those individual effects when the data is ob-
served over geographical units. In order to avoid confusion, the preferred expression is ‘individual 
heterogeneity’. As it will be reviewed in section 4, the slope parameters are estimated by OLS 
pooling time-demeaned data, therefore the study of spatial heterogeneity for those parameters is 
provided by GWPR. 

3. Methodology: geographically weighted panel regression 

GWR is a procedure that fits individual regressions targeted to specific points, with more weights 
placed on observations that are closer to the target. The common practice is to use each cross-
sectional observation, in turn, as the target (i.e. calibration) point. In order to obtain local cross-
sectional estimates for the target location , the data around location  is properly weighted after 
defining the number of locations (i.e. bandwidth) that are going to be sub-sampled to obtain local 
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estimates for . This procedure allows studying the variation of the estimates across space and 
comparing the results with those obtained with a global model. 

McMillen & Redfearn (2010) prefer to consider GWR as part of the Locally Weighted Regres-
sion (LWR) family of models, in particular, as a Conditional Parametric Regression (CPAR) mod-
el. In the special case of GWR, the local estimates for location  are obtained through weighted 
least squares, where each observation is weighted according to the distance from location . There-
fore, the geographical coordinates of each location are not included in the model. From an Eco-
nomics point of view, this restrictive meaning of the word ‘geographically’ in GWR has an ad-
vantage: distances can represent trade or informational costs, networking capacity and the probabil-
ity of common history or institutions.  

The setup of GWPR appears to be a natural extension of the standard cross-sectional GWR mod-
el. In order to execute the following GWPR process, some R’s functions were developed based 
initially on R’s package spgwr (Bivand and Yu 2013), though they will be extended to the frame-
work of the recent package GWmodel (Gollini et al. 2013; Lu et al. 2013). If  is the distance 

from region  to region  and  is a threshold distance (bandwidth) from the calibration location , 

a GWPR exploratory analysis can be summarized in the following steps: 
1) Select a bandwidth  and a kernel function . When  is considered as an adap-

tive weighting function the researcher selects a number of  nearest neighbors to be considered 
in each local estimation. Alternatively, a fixed bandwidth (  is a common threshold dis-
tance for each local estimation and will select a different number of  neighbors for each target 

locations. Fotheringham et al. (2002) suggest that the adaptive bandwidth often is more flexible 
and produces more reliable results. 

2) Subsample the data in levels for ’s local estimation. The selected  determines the regions to 

be chosen for ’s estimation. The sub-sampling is done for all the time observations of their var-
iables. 

3) Weigh all the time observations of ’s variables in levels for ’s local estimation: using 
, all the observations of ’s variables receive the same weight while the observations 

of ’s variables receive weight 1.  
4) Estimate a panel data model using weighted subsampled data. 
5) Repeat steps 2 to 4 for all target locations  in the global sample of data. 
6) Map the significant local coefficients for each explanatory variable. 
7) Repeat the procedure (steps 1 to 6) for different  and compare the results.  

In GWR the choice of the kernel function (step 1) used to select and weigh each local sample has 
little effect on the results’ because these common functions share the property of declining weights 
with distance (Fotheringham et al. 2002; Yu 2006). However, the bandwidth, also called ‘window 
size’, or distance to the target point, is much more important because it determines how much an 
observation will be weighted and how such weights decline with distance. An adaptive bandwidth 
selects a different distance 	for each location, so the same number of nearest neighbors is consid-

ered for all the regression points (window’s centers). For simplicity, the name ‘bandwidth’ will be 
used later when referring to this common number of nearest neighbors. The adaptive bandwidth 
approach is often preferred due to its advantage that each regression point will have an identical 
amount of local data points for local coefficient estimates9F

3, albeit with different weighting schemes. 

                                                      
3 The disaggregation level used in this article for the European data is NUTS 2, which combines countries 

with different density of observational units. In thousands of people, the population of Luxembourg, a NUTS 
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The kernel function used here to weight the data of each local sample is an adaptive bisquare 
weighting function (Chasco et al. 2008). The weight of the temporal observations of each location  

in the estimation of the target point  is given by: 

  (1) 

Once a number of nearest neighbors is chosen (step 1) to subsample the spatial observations 
(step 2), a weights matrix is then built for each location  using the kernel function in equation (1), 
allowing the standardization of weights or alternative weighting schemes to be explored (Farber 
and Páez 2007). Then, those weights are applied to all periods of the data in levels of the selected 
subsample of nearest neighbors of region  (step 3). After the weighting, all the panel data models 
available in R’s plm package (Croissant and Millo 2008)8F

4 can be estimated to obtain local panel 
estimates for  (step 4). Therefore, in the case of panel data with fixed effects, the pooled estimates 
of time-demeaned weighted data consider the information of the whole sample period, as in a glob-
al panel data model, but using a local subsample for each regression point. Repeating the process 
for any location (step 5), a whole set of local GWPR estimates are obtained.  

One of the problems of GW analyses is that the interpretation of the results is largely dependent 
on GWR maps (step 6). Apart from the general visualization problems of cloropleth maps when 
dealing with units of heterogeneous size, maps of varying local parameters have very limited value 
if they are unable to inform their statistical significance (Mennis 2006; Wheeler 2010; Matthews 
and Yang 2012). In a similar way to what Mennis recommends, this visualization problem is re-
duced in the next section by excluding from the map the local coefficients with pseudo-confidence 
levels less than 90%. 

A key issue when using GWR is bandwidth optimization or, in this case, the selection of the 
number of nearest neighbors to be sub-sampled for each local estimation (step 7). An optimal 
bandwidth procedure is currently under development in GWPR estimation. The cross-validation 
methods studied by Farber & Páez (2007) or the proposal of Cho et al. (2010) can be considered. 
Additionally, applying the AIC method to GWPR must consider the computation burden of dealing 
with  data points for each location. Though this is not general for inference, a criterion to judge 
alternative optimal bandwidths is their predictive power. An out of sample cross-validation proce-
dure is being examined. However, given the possibly different criteria for bandwidth selection, the 
analysis will continue to be mainly exploratory.  

Finally, as it was mentioned in the Introduction, the literature has raised concerns about colline-
arity problems in cross-sectional GWR. R’s packages gwrr (Wheeler 2013) and GWmodel have 
developed techniques to measure and reduce problems of correlation. Those techniques can be ex-
tended to GWPR in future work. 

4. Benchmark global models and data  

The starting point of the GWPR analysis in the next section is a development accounting exer-
cise (Caselli 2005; Hsieh and Klenow 2010) in per capita terms based on Hall & Jones’s (1999) 
production function. Development accounting uses cross-country data on output and inputs, at one 

                                                                                                                                                                 
2 unit, is 500 while it is 2,900 for the average NUTS 2 of France. The average geographical area of NUTS 2 
by country goes from 2,600 (Luxembourg) to 67,400 (Finland) km2. 

4 A future extension of GWPR to spatial panel data models might use R’s splm package (Millo and Piras 
2012) too.  
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point in time, to assess the relative contribution of differences in factor quantities, and differences 
in the efficiency with which those factors are used. However, presenting initially the case study 
with a model for variables in levels emphasizes the role of possible unobserved (efficiency) indi-
vidual differences and the contribution of GWPR to address potential spatial heterogeneity in such 
(panel data) models. A simple equation facilitates the illustration of the GWPR method so the exer-
cise can be considered as an exploration of a production function5. 

In particular, for region  in time , output per capita  ( ) is assumed to be a function of per 
capita capital stock ( ) and the average skill level or human capita  ( ) of the population. The 

equation to be studied is the logarithmic transformation of this production function: 
  (2)  

The capital share ( ) is initially assumed to be constant across regions and time, though the pan-
el estimation in ¡Error! No se encuentra el origen de la referencia. will not support the assump-
tion of constant returns to scale.  The efficiency with which factors are used ( ) is the residual 

Total Factor Productivity (TFP). Six alternative specifications are considered for this term, repre-
sented by three equations: 

   (3)  
   (4)  
   (5)  

If the term , the regional TFP is considered common to all regions, as it is done in cross-
sectional or pooled estimations with variables in levels. If , the TFP levels are allowed to 

differ by region, as in estimations with unobserved individual effects. This is the case of an empiri-
cal estimation controlling for individual heterogeneity. The hypothesis under equation (4) is that 
the  term is altered each period by common efficiency shocks ( ). Finally, under hypothesis (5), 

there is an initial  term at time 0 ( ) which varies at a common rate of technological change ( ).  

The empirical implication of equation (4) is the estimation with time dummies to control for time 
heterogeneity (in the intercepts), while equation (5) restricts those time effects to have the form of a 
time trend. 

For simplicity, the following discussion is based on equation (4) , i.e., the model includes time 
dummies. Assuming  and generalizing the notation, an estimable version of equation (2) 
pooling variables in levels can be represented as: 

  (6)  
where  and  are  possible common shocks to all regions in each period. Now  

represents a general dependent variable in ‘levels’ and has a slightly different meaning from equa-
tion (2) because the word ‘level’ is considered to include the logarithmic transformation of the 
original variables. This is done just to keep the standard notations in production functions and in 
Econometrics. Therefore, , being  the vector of explanatory variables in per capita 
terms. The  term collects the effects of omitted variables and departures from the assumptions of 

the theoretical model. 
 At least for the type of data used in this article, the estimates obtained with equation (6) using 
variables in levels should be very similar to the estimates obtained with the cross-sectional equation 

 for a particular year, which is the type of equation most frequently studied with 

GWR. The reason is that the relative levels of macroeconomic variables tend to vary smoothly in 
time. Hence, estimating average relationships during a sample period after controlling for different 

                                                      
5 Alternatively, cross-sectional GWR has been used to estimate convergence equations for European re-

gions. See Bivand & Brunstad (2006), Eckey et al. (2007) or Curran & Sensier (2011). 
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intercepts by period, as in equation (6), should not alter the main conclusions obtained with a cross-
sectional estimation. GWPR allows estimating equation (6), but this is not a significant improve-
ment over the standard cross-sectional GW method. 

Therefore, the interesting case is when TFP is allowed to be different by regions: . In sit-

uations like this, the econometrician has to deal with unobserved individual variables, which bias 
the estimates obtained through equation (6) when they are correlated with the included variables. 
Attention is paid to fixed effects panel data models here for illustration purpose only, though the 
GW approach can be applied to any panel data model. The main originality of GWPR is that it al-
lows studying potential spatial heterogeneity in models controlling for individual heterogeneity that 
may not be caused due to geographic location (but only observable in a panel setting). 

As it is discussed by Wooldridge (2010) and others, keeping the same notation, a panel data ver-
sion of equation (6) controlling for unobserved time-invariant regional individual effects is: 

	 (7) 
where  collects omitted regional variables which are assumed to have an approximately constant 
role to explain the temporal levels of . In order to estimate a panel model with fixed effects, the 
unobserved  are removed through a ‘within’ transformation of the data. Averaging equation (7) 

over  produces the cross-sectional equation . Subtracting it 

from equation (7) gives the estimable fixed effects panel model, with the variables in deviations to 
the regional means: 

	 (8) 
where  is equivalent to  period dummies. This model can be estimated using stand-

ard OLS by pooling the demeaned data and the results allow the estimation of the unobserved fixed 
effects ( ). GWPR allows addressing spatial nonstationarity when measuring average relationships 

among time-demeaned variables. 
 Before showing the example of a GW fixed effect panel data estimation, it is convenient to pre-
sent the benchmark global model, using the available data for all the locations. Some characteristics 
of time-demeaned data are discussed in order to reinforce the differences between the standard 
cross-sectional GW approach and GWPR. 

The Appendix provides details about the sample and the variables, which are in logarithmic 
form. Per capita production ( ) in equation (2) is measured by per capita gross value added 
(GVA). Human capital (  is proxied by the share of what Eurostat calls ‘core’ human resources 

in Science and Technology' (S&T) among the population. This is the population who has success-
fully completed education in Science and Technology (S&T) at the third level and is employed in 
an S&T occupation. The missing data was imputed with a polynomial of degree 2 on the regional 
time trend of each region.  

Using the data of just one year, ¡Error! No se encuentra el origen de la referencia. shows that 
cross-sectional data in deviations to the regional means of the whole period has higher dispersion 
and lower spatial autocorrelation than data in levels. For instance, the quartile coefficient of disper-
sion 4F

6 of the demeaned dependent variable is 20 times as greater as that of the variable in levels. 
Additionally, the table shows Moran’s I for the variables in levels and after the within transfor-
mation. The variables are spatially autocorrelated in both cases, i.e., they present spatial clusters of 

                                                      
6 The quartile coefficient of dispersion is a scale-free measure of dispersion omitting the tails of the distri-

bution. . If  and  are the first and third quartiles of a variable, this coefficient is defined as 
. 
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high and low values 5F

7. However, time-demeaned data is more independent among close neighbors 
than data in levels.  

Table 1. Dispersion and spatial autocorrelation of variables for the cross-section of year 2008 

 
Note: All the variables are in logarithmic form. Moran’s tests use the randomisation assumption, which introduces a correction for de-
partures from normality. The alternative hypothesis for the p-values is that Moran’s I is greater than expected under the null hypothesis 
of absence of spatial autocorrelation. Zero p-values indicate the rejection of the null hypothesis and the presence of positive spatial 
autocorrelation. The weights matrix for this test is a row-standardized binary matrix to the 5 nearest neighbors. Moran’s tests are calcu-
lated using R’s spdep package (Bivand 2014). Human capital data represents shares of the population, so the logarithms of those shares 
are negative. 

 

Table 2. Pooled and panel estimations 1995-2008 for 206 European regions 
 Cross-sections in levels 

(pooling levels) 
Panel with fixed effects 

(pooling differences to the mean) 
 (1) (2) (3) (4) (5) (6) 

(Intercept)   2.268***   2.026***   2.040***                                              
   (0.125)       (0.123)       (0.123)                                                  
Per capita capital stock   0.721***   0.755***   0.753***   0.508***   0.231***   0.261*** 
   (0.010)       (0.010)       (0.010)       (0.008)       (0.018)       (0.016)     
Human capital   0.174***   0.194***   0.195***   0.054***    0.009         0.008      
   (0.009)       (0.009)       (0.009)       (0.007)       (0.007)       (0.007)     
Trend                                -0.011***                                 0.010*** 
                                 (0.001)                                     (0.001)     
Year dummies? No Yes No No Yes No 
R-squared       0.761         0.775         0.775         0.754         0.785         0.778   
Adj. R-squared       0.760         0.771         0.774         0.699         0.725         0.722   
F    4580           660          3305          4097           649          3131       
Sum squared errors      78.84         73.98         74.16          5.21          4.54          4.69     
N    2884          2884          2884          2884          2884          2884       

Note: Table displays coefficients: * significant at 10% level; ** at 5% level; *** at 1% level. Standard errors are in brackets. 
All the variables are in logarithmic form. The dependent variable is per capita GVA. 

 
¡Error! No se encuentra el origen de la referencia. presents some global models comparing 

the estimation of equation (2) under the hypothesis about TFP in equations (3) to (5) and using the 
econometric approaches of equations (6) and (8). A F tests of individual effects based on the com-
parison of models (1) to (3) with models (4) to (6), respectively, reject the hypothesis of a common 
intercept for all regions. In general, the magnitudes of the fixed effects estimates are very different 
from the pooled estimates using data in levels (columns 1 to 3). Additionally, the estimates ob-
tained when pooling demeaned data are very sensitive to the inclusion of time effects, unlike those 
obtained when pooling data in levels. Human capital is not significant when the estimation is con-
trolled for time effects or a time trend (columns 5 and 6). Negative or insignificant fixed effects 
estimates of human capital are discussed by Pritchett (2001) or Boulhol et al. (2008). Similarly, 

                                                      
7 Indeed the residuals of the models in Table 2 are spatially autocorrelated too, violating the OLS assump-

tions. At this stage of development of GWPR, spatial local panel models are still not studied here. Without 
the estimation of spatial models Cho et al. (2010) propose to minimize the spatial error Lagrange Multiplier 
test statistic for bandwidth selection of cross-sectional GWR models. This idea can be extended to the spatio-
temporal tests proposed by López et al. (2011). Lin (2011) derives maximum likelihood estimators of spatial 
panel data GWR models.  

Variables 
Data in levels  Data in deviations to the 1995-2008 means 

Quartile coefficient 
of dispersion 

Moran's test Quartile coefficient 
of dispersion 

Moran's test 
I statistic p-value I statistic p-value 

Per capita GVA  0.018 0.618 0.000 0.351 0.463 0.000 
Per capita capital stock  0.015 0.518 0.000 0.249 0.323 0.000 
Human capital  -0.091 0.528 0.000 0.401 0.449 0.000 
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replacing the year dummies by a time trend (columns 3 and 6), does not relevantly affect the mag-
nitude of the estimates in levels but have some consequences on the fixed effects estimation. 

The discussion presented here shows that the lack of a panel data approach in the GW literature 
has prevented the GW analysis of spatial heterogeneity in models such as those in ¡Error! No se 
encuentra el origen de la referencia.. The GW analysis of spatial heterogeneity in the models 
presented in Table 2, as well as other panel data models, can be estimated with GWPR. Some rele-
vant aspects of panel data estimation, such as the role of time effects and spatial dependence, will 
be studied in later stages of the development of GWPR. For now, the benchmark global model se-
lected for the GWPR exercise in the next section is represented in column 4 of ¡Error! No se en-
cuentra el origen de la referencia., excluding temporal effects.  

5. Example: A GWPR exploratory analysis for the European regions 

Except for obtaining an ‘optimal’ bandwidth with either out-of-sample cross-validation or AIC 
measures, geographically weighted approaches can be used as exploratory tools as well8. A series 
of bandwidths can be selected and the resulting parameter surfaces examined at different levels of 
smoothing. In this sense, GWR is similar to a ‘spatial microscope’ (Fotheringham et al. 2002, 
Chapter 6). Complex ‘movies’ can be constructed from GW methods by using a series of different 
bandwidths.  

This section shows GWPR estimates of the equation in column 4 of ¡Error! No se encuentra el 
origen de la referencia.  for three different adaptive bandwidths of 15, 70, and 140 of the nearest 
neighbors. In the kernel function in equation (1), 	will be the distance from each region  to its 
15th, 70th and 140th neighbor, respectively. Therefore, the weighting function for  actually 

considers 14, 69, and 139 regions for each bandwidth, including region , which has zero distance 
to itself and unitary weight. The choice of these bandwidths is made of fairly exploratory nature to 
cover a relatively small, a somewhat average and a fairly large amount of nearest neighbors. The 
greater the distance considered by a bandwidth the greater the smoothing, because near locations 
play a less important role in each local estimation. Therefore, checking what the weight of the, for 
instance, 10 nearest neighbors at each selected bandwidth can give a taste of what the adaptive 
bisquare kernel function does9.  

The data was fit in the GWPR routine written in R by the authors. Figures 1 to 3 show quantile 
maps of the local fixed effects panel estimates of the logarithms of per capita capital stock and hu-
man capital. Darker colors are associated with higher local values of the estimated coefficients. The 
rectangle in each figure reminds the estimate obtained in section 3 for the global model and gives 
information about the median local estimate for each bandwidth. This median is calculated consid-
ering all the estimated local coefficients, including the insignificant ones. On the contrary, only the 
regional estimates with pseudo-p-values lower than 0.1 are colored in the maps. The regions of 
Norway and Switzerland are not colored because they are excluded from the global sample. 

 

                                                      
8 The exploratory nature of GWR is especially relevant for inference. McMillen (2010) argues that the op-

timal bandwidth or window size is likely to be much larger when the objective is to estimate the marginal 
effect of  on  rather than to predict  directly. How much larger remains an open issue despite the voluminous 
literature on bandwidth selection. 

9 With these observational units, the 10 nearest neighbors, including the own region, on average represent 
a 96% of the total weights distributed by the bandwidth of 15 neighbors, a 37% for the bandwidth of 70 and a 
18% for the 140 one. 
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Figure 1. Local GWPR estimates for 15 nearest neighbors (at least significant at 90%) 
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Figure 2. Local GWPR estimates for 70 nearest neighbors (at least significant at 90%) 
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Figure 3. Local GWPR estimates for 140 nearest neighbors (at least significant at 90%) 

 
A first conclusion after inspecting the figures is that the median local estimates for the two vari-

ables are similar to the estimates of the global model. This means that the GW approach indeed 
localizes the global results, regardless of the bandwidth that is chosen. This validation of the 
GWPR model is not obscured by the bigger differences between the global and the median estimate 
of human capital in figures 2 and 3. As mentioned in section 3, the human capital variable has 
problems with being significant in the global panel data model with fixed effect. The somewhat 
different median local estimate could be an indicator of this. Indeed figures 1 and 2 include some 
significant negative local estimates of human capital. 

Second, the spatial distribution of the local estimates shows apparent heterogeneity. The signifi-
cant local fixed effects estimates of per capita capital stock are always positive. However, the mag-
nitude of the local estimates of this variable is extremely different for some Nordic and Southern 
regions. With respect to the variable of human capital, the most outstanding aspects are the high 
estimates for the regions of Spain and Portugal and the insignificance of the local estimates for 
many regions of France, Italy, and Greece. 
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Figure 4. Fixed effects with the global model and with GWPR for 140 nearest neigh-

bors  

Third, a GW approach to fixed effects panel data estimation allows studying the spatial variabil-
ity of the estimated individual effects. ¡Error! No se encuentra el origen de la referencia. shows 
a comparison of the estimated fixed effects using a global model and a GW method. In particular, 
for a bandwidth of 140 nearest neighbors, the bottom map of ¡Error! No se encuentra el origen 
de la referencia. shows the fixed effect of each region estimated with its local panel data model. It 
is necessary to remind that the adaptive kernel makes the local fixed effects to lose their meaning in 
terms of a level of unobserved total factor productivity measured in a comparable way across all 
the locations. The individual heterogeneity is controlled here only in comparison with the neigh-
bors defined by the bandwidth. Alternatively, Tabak et al. (2013) uses a gaussian kernel. The adap-
tive kernel is preferred here to emphasize that even in this case the analysis of the estimated level 
of each regional fixed effect when using its local model allows summarizing the spatial heterogene-
ity of the global model in order to explain the levels of the dependent variable. The estimated local 
slope parameters when controlling for local fixed effects helps to understand the consequences of 
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sample selection in the global model and the appropriateness of the global estimates for particular 
geographical areas.  The following paragraphs illustrate this point. 

Figure 5. Fixed effect of two regions in all subsampled local estimations (140 nearest neighbors) 

 
 

 
¡Error! No se encuentra el origen de la referencia. shows an analysis of all the estimated 

GWPR fixed effects for two NUTS 2 regions under a bandwidth (adaptive distance) of 140 nearest 
neighbors. This broad bandwidth allows one to get a taste of the subsample considered in each lo-
cal model and of the role of national differences in the average regional geographical area (see note 
3). The selected case studies are Galicia and Luxembourg, because of their peripheral and central 
locations, respectively. As it was mentioned before, for this bandwidth there will be 139 different 
estimates of the fixed effect of each region. The levels of those estimates are mapped in ¡Error! No 
se encuentra el origen de la referencia.. However, the local fixed effect of each region is consid-
ered here to be the fixed effect derived from the local estimation for that region. Those are marked 
with an arrow in the maps. 
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This example illustrates possible analysis. For instance, the estimated fixed effect of each of the-
se two regions seems to decrease with distance to the calibration point. Nevertheless, this is not a 
general result. Some tests with different specifications show that the fixed effect of Galicia can be 
higher in the local models of the relatively rich central regions locations. This type of analysis can 
help to evaluate the role of sample selection in the global model. On the other hand, the fixed effect 
estimated by the local model of Luxembourg is 5.1, similar to the 4.8 estimated by the global mod-
el. However, the global model estimates a fixed effect of 4.0 for Galicia while the estimate of its 
local model is 6.1. This means that the individual effect of Galicia estimated with the global model 
explains 43% of the Galician average logarithm of per capita GVA during the sample period while 
this proportion reaches 65% when using the Galician local model.  

Given the uncertainty about the ‘true’ value of the unobserved time invariant factors, the last re-
sult is interpreted here as being due to the lack of validity of the global model to explain the rela-
tionships relevant for Galicia. Indeed, for 140 nearest neighbors the estimates of the demeaned logs 
of per capita capital stock and human capital obtained with the Galician local model are 0.346 and 
0.168 respectively, substantially different from the global estimates of 0.508 and 0.054. A Galician 
policy maker might be interested on the estimates obtained with the Galician local model (Ali et al. 
2007). However, too she should consider that, with this model, 65% of the average logarithm of the 
Galician per capita GVA is ‘explained’ by unknown time invariant causes.  

6. Conclusions 

Following Yu’s (2010) approach this article presents the GWPR method to fill the gap between 
the literature of GWR and the literature of panel data. The main originality of GWPR is that it al-
lows studying potential spatial heterogeneity in models controlling for individual heterogeneity. It 
can be considered a method to study spatial nonstationarity in any model based on pooled time 
observations for each location. In GWPR all these time observations of each subsampled location 
receive the same weight in order to locally reproduce what a global model does when pooling data 
for different periods. The idea is simple but powerful because it allows obtaining local panel data 
estimates, which can be potentially extended to other models. Therefore, the method expands the 
toolbox of spatiotemporal analysis and GW estimation.  

The approach illustrated introduces unobserved individual fixed effects in a production function 
frequently used in development accounting exercises. Using a panel of 14 years for the European 
regions, the GWPR exploratory analysis indicates that when the data is subsampled and weighted, 
no matter what local sample sizes are arbitrarily chosen, the estimates from GWPR fluctuate 
around the global estimates. This is to be expected for GW approaches. Although the research pre-
sented here has not applied any bandwidth optimization technique, as it is usually done in cross-
sectional GW analysis, it reveals potentially relevant findings.  

The spatial distribution of the local estimates shows apparent heterogeneity. The local estimates 
of per capita capital stock are extremely different for some Nordic and Southern regions. The esti-
mates of human capital tend to be higher for the regions of Spain and Portugal and insignificant for 
many regions of France, Italy, and Greece. The analysis of the regional fixed effect of each region 
estimated by their local models has enabled the summarization of the spatial heterogeneity of the 
global model to explain the levels of the dependent variable. Examination of a particular region, 
Galicia, shows that the results are significantly different for the global and the local model. A Gali-
cian policy maker might be interested in the estimates obtained with the Galician local model. 
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However, she might also consider that, with this model, 65% of the average logarithm of the Gali-
cian per capita GVA is not explained by the (time-demeaned) independent variables. 

Current and future developments of the method include improving the diagnostics, evaluating 
optimization procedures, analyzing the role of time effects in local panel estimations, studying ran-
dom effects models, and extending the method to spatial panel data model.   
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Appendix: Data description 

A.1 Sample of regions - The disaggregation level for the regional data is NUTS 2 (2006 ver-
sion), which involves the basic regions for the application of regional policies. The sample includes 
206 regions from 15 countries of the European Union: Austria, Belgium, Spain, Finland, France, 
Greece, Ireland, Italy, Luxembourg, Netherlands, Portugal, Sweden and United Kingdom. The fol-
lowing NUTS 2 regions are excluded: the Atlantic islands (the Spanish Canary Islands and the Por-
tuguese Madeira and the Azores), the Spanish Ceuta and Melilla in the North African coast and the 
French Departments Guadeloupe, Guiana, Martinique and Reunion. Oil related regions are not ex-
cluded. 

A.2 Variables - All the variables are in logarithmic form for the years 1995-2008. Cambridge 
Econometrics data is used for gross value added (GVA), capital stock and population. Per capita 
capital stock and per capita GVA are in 2000 year euros.  

Human capital ( ) is proxied by the following Eurostat variable: share of the population who 

has successfully completed education in Science and Technology (S&T) at the third level and is 
employed in a S&T occupation. 9.7% of the observations 1995-2008 were missing and imputed 
using R’s Amelia II package (Honaker et al. 2011). The imputed data is the average of 5 multiple 
imputations with a small ridge prior predicting with a polynomial of degree 2 on the regional time 
trend of each region and including lags and leads, such as: 

. This method allows imputing the variable in seven 

regions with high degree of missingness.  
Geographical distances are measured as Euclidean distances among regional centroids calculated 

using GISCO’s shape files (© EuroGeographics for the administrative boundaries). The projection 
used to calculate distances and draw the maps is EPSG 3035. 


